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Abstract 
 
This paper describes an analysis of the nonlinear behavior of gear pairs according to the direct contact elastic defor-

mation model over a wide range of speeds, considering the hydrodynamic effects and friction force. The inclusion of 
the hydrodynamic effect facilitates nonlinearity by increasing the overlap range (i.e., multiple solution regimes) and 
damping, as well as decreasing elastic deformation and tooth reaction forces. The effects of various lubrication parame-
ters, such as viscosity and film width, on the nonlinear dynamic behavior were analyzed. While the viscosity has a 
strong effect on the behavior of gear pair systems, friction has very little effect on torsional behavior. Although the 
model of direct contact without friction has overall nonlinear behavior similar to the model including hydrodynamic 
effects with friction, the time data of these models are different due to the squeeze effect. 
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1. Introduction 

Many previous studies regarding the dynamic be-
havior of gear pairs have been based on modeling 
tooth contact as a spring and damper system, with the 
stiffness of the equivalent spring based on elastic de-
formation, such as Hertzian deformation or tooth 
bending. However, there has been little research into 
the effects of sliding friction or the hydrodynamic 
forces on the dynamic behavior of gear pairs. 

Vaishya and Singh [1, 2] used the direct-contact 
model with Coulomb friction between gear teeth, and 
reported that friction has only a minimal effect on the 
torsional instabilities of the dynamic gear system. 
They investigated the dynamic effects of friction-
induced nonlinearity using both linear and nonlinear 
time-varying systems and showed that friction is capa-
ble of reducing large oscillations under certain reso-

nant conditions. 
He et al. [3, 4] studied the effects of sliding friction 

on the dynamics of a spur gear pair using finite ele-
ment analysis to compute the mesh stiffness at each 
time point. They concluded that the main effect of 
sliding friction is enhancement of the dynamic trans-
mission error (DTE) magnitude at the second gear 
mesh harmonic, and that the sliding friction forces 
primarily excite the off-line of action (OLOA) motion. 

Howard et al. [5] presented a dynamic model with 
tooth torsional mesh stiffness developed by finite ele-
ment analysis, which included sliding friction and a 
single tooth crack as a diagnostic technique. They 
showed that in most cases, the effect of friction mod-
eled using Coulomb friction produced a negligible 
change in the resulting kurtosis values. 

Velex and Sainsot [6] analyzed the linear dynamic 
behavior of gear pairs considering Coulomb friction, 
and found that tooth friction appears as a non-
negligible excitation source for translation, and that the 
torsional response is less sensitive to tooth friction 
than the bending response. They used a stiffness 
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model based on contact deformation and structural 
deflection of gear teeth. 

Most of the research on gear dynamics uses tooth 
stiffness based on tooth deformation by direct solid 
contact. Some studies have modeled the tooth stiffness 
as a constant through the complete tooth contact pe-
riod with a piecewise nonlinear function, assuming 
that the contact reaction force between the teeth is zero 
when they are separated from each other.  

However, as almost all gear systems are operated 
under fluid lubrication, a reaction force between the 
teeth due to the squeeze film effect will occur even 
when the two solid surfaces are not in contact. There-
fore, it seems reasonable to consider the elastohydro-
dynamic lubrication effect between contacting teeth in 
analysis of the dynamic behavior of gear pair systems. 
Blankenship and Kahraman [7] showed that a gear 
pair does not always maintain contact and tooth sepa-
ration does occur. Hence, a mixed model including a 
hydrodynamic contact regime as well as a direct-
contact regime for the tooth reaction force is necessary. 

Several previous reports [8-10] have described the 
elastohydrodynamic effects on gear systems as func-
tions of the pressure distribution, minimum film thick-
ness, and friction coefficients. However, the analysis 
models in these studies were limited to static condi-
tions that included only a specific single pair of teeth. 

There have been very few investigations of the dy-
namic behavior of gear pair systems considering the 
elastohydrodynamic lubrication effect between teeth. 
Theodossiades et al. [11, 12] studied idle gear rattling 
phenomena in vehicular transmissions, taking into 
account the effect of lubrication. They treated gear 
impact surfaces as lubricated conjunctions rather than 
the more frequently reported dry impacting solids. 
They examined the influence of lubrication on the 
torsional vibration of lightly loaded idling gears, and 
showed that the lubrication film behaves as a time-
varying nonlinear spring/damper element. They calcu-
lated the lubrication stiffness by differentiating the 
lubricant reaction force with respect to the film thick-
ness, assuming full lubrication and that squeeze film 
terms were negligible. They found that the lubricant 
properties significantly affected the system response, 
and showed that the viscosity is one of the main fac-
tors governing the overall system behavior. 

Brancati et al. [13, 14] proposed an analytical model 
that accounts for the oil squeeze effect between the 
impacting teeth of mating gears based on the influence 
of the oil-damping effects on dynamic behavior of the 

automotive idle rattle phenomenon. Unlike the ap-
proach taken by other researchers, they modeled the 
interaction force between the teeth in three phases. 
When the distance between the flanks was less than 
zero, the meshing stiffness was calculated due to elas-
tic deformation of the teeth in contact, as in models 
used in most other research. They included the contact 
phase of the elastohydrodynamic lubrication regime 
when the distance was greater than average surface 
roughness (hmin) of the tooth flank surfaces. The third 
phase was when the distance was positive but less than 
hmin; there, the damping force was assumed to be a 
constant saturation value. With this model, they 
showed that the presence of the oil reduces the number 
and intensity of impacts between the teeth, and con-
tributes to reduction of rattling. 

However, Brancati et al. did not include an entrain-
ing term, and calculated the hydrodynamic force 
counting only one tooth pair contact, while the direct 
contact force was calculated considering the equiva-
lent stiffness of one or two tooth pairs according to the 
meshing phase. They did not analyze the nonlinear 
behavior, such as jump phenomena of a gear pair sys-
tem over a wide range of speeds. 

Here, the author reports an analysis of the nonlinear 
behavior of a gear pair system over a wide range of 
speeds based on a modified analysis model that con-
siders the hydrodynamic effect and friction, as well as 
the effects of various parameters, such as lubricant 
viscosity and friction coefficient. 
 

2. Mathematical model  

The system in this study consisted of two gears 
mounted on well-aligned input and output shafts (Fig. 
1). The gears were standard errorless involute spur 
gears with no modifications, and the gear pair was 
modeled as a purely torsional vibration system. The 
gears were assumed to be fully lubricated by Newto-
nian lubricant, and shear force was ignored. For sim-
plicity of calculation, the conditions of isothermal 
incompressibility and constant viscosity were assumed. 
The torque and speed of the input shaft were assumed 
to be constant. 

The equations of motion of the two gears were as 
follows: 
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Td and To are the static driving and load torques, 

while Tmp and Tmg are torques due to tooth meshing 
forces by the pinion and gear, respectively. The pinion 
and gear have base circle radii rp and rg, and mass 
moments of inertia of Ip and Ig, respectively. The total 
backlash is 2b, and parameters pθ and gθ represent 
the vibrations of the gears about the nominal rigid 
body rotation. The forces Fen and Fhn are normal forces 
acting along the line of action (LOA) due to elastic 
deformation and the hydrodynamic effect, respectively. 
Fen was calculated by using the dry contact model used 
in previous research [15-17] (details not shown here). 
The contacting teeth were regarded as a spring and 
damper, where k (t) is the time-varying mesh stiffness 
obtained by assuming a rectangular wave. Fhn consists 
of the squeeze term (Fhs) and the entraining term (Fhe). 
The moment arms of the normal forces Fen and Fhn are 
always equal to the base radius. 

Tefp and Thfp are the torques acting on the pinion in-
duced by the direct contact friction force Fef  and the 
hydrodynamic friction force Fhf , respectively. Tefg and 
Thfg are the torques acting on the gear induced by the 
direct contact friction force Fef and the hydrodynamic 
friction force Fhf, respectively. 
 

 
 
Fig. 1. Schematic diagram of gear pairs. 

The general Reynolds equation was used to calcu-
late the hydrodynamic normal force Fhn [18]. 
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By neglecting side leakage and assuming that the 

fluid is incompressible and isoviscous, Eq. (4) reduces 
to 
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where h is the film thickness, oη  is an ambient dy-
namic viscosity, and u  is an equivalent entraining 
velocity assumed to constant along the ξ -direction 
(Fig. 2). Parameters up and ug are the surface tangential 
velocities of gear pairs at the meshing point. 

Assuming full lubrication, the film thickness is 
equal to the distance between the two flanks as a func-
tion of ξ  due to the flank curvature, and is expressed 
as follows [18, 19] 

 
2

h x
R
ξ

= +   (7) 

 
where x is the minimum distance between two flanks 
at ξ  = 0. Parameter x and the DTE are defined as 
 

  
Fig. 2. Lubricant film parameters. 
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where 2b is the total backlash. The equivalent radius 
of the contacting point R is defined as 

 

2( )p g

p g

R
ρ ρ
ρ ρ

=
+

  (9) 

 
where pρ  and gρ  are the pinion and gear tooth 
surface radii of curvature in the transverse plane, re-
spectively. 

By integrating Eq. (5) twice with these boundary 
conditions 
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the pressure was derived in this study as 
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where the first and second terms on the right-hand side 
are due to squeeze and entraining terms, respectively.  

By integrating the pressure equation along the film 
width (-a, a), the hydrodynamic force due to the lubri- 

 

 
 
Fig. 3. Contact area parameters. 

cation film between separated tooth flanks can be de-
fined as 
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where w is the face width. Considering the roughness 
of the tooth flank surfaces (hmin), the hydrodynamic 
force is assumed to be saturated when the distance 
between the flanks is positive but less than hmin [13]. 
The total hydrodynamic force must be calculated by 
summation when two pairs of teeth come into contact. 
A negative value of x&  indicates a recession of the 
meshing gear teeth with each other, which does not 
contribute to the hydrodynamic force. 

The tooth surface radii of curvature pρ  and gρ  
are expressed as 

 
( tan )
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p p p
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where φ  is the pressure angle. In Fig. 3, the LOA is 
from A to B. L, P, and H are the lowest point of single-
tooth contact (LPSTC), the pitch point, and highest 
point of single-tooth contact (HPSTC), respectively, 
and s is the distance from the starting point (A) to the 
contact point (C) along the LOA.  

To synchronize the time-varying stiffness with the 
tooth meshing phase, the distance of the contact point 
(s) is expressed as a function of time (Fig. 4). As the 
magnitude of s varies periodically with the tooth mesh 
frequency mf , it can be Fourier-transformed and 
expressed as shown in Eq. (14) with L = 30. mτ  is 
the tooth mesh cycle.  

1
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When the new tooth pair comes into contact while the 
old tooth pair is still in contact (i.e., s ≤ sl), the radii of 
curvature of the old contact teeth are 
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Fig. 4. Mesh stiffness and LOA: (a) rectangular type mesh 
stiffness (b) distance from starting point A along the LOA (c) 
distance as a function of time per tooth mesh cycle. 

 
 
where pb is the transverse base pitch and m is the 
module. 

The entraining velocities, up and ug, are 
 

,
30 30
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where Np and Ng are the numbers of teeth in the pinion 
and gear, respectively. 

The direct contact Coulomb friction force Fef is ex-
pressed as 

 
ef enF Fµ= .  (17) 

 
The friction coefficient between the teeth in direct 

contact is assumed to be constant [4,5]. 
The hydrodynamic sliding friction force, Fhf, ob-

tained by the half-Sommerfeld condition, is expressed 
as [11] 

2
o s
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where us is the sliding velocity of the mating gears 

expressed as 
 

s p gu u u= − .  (19) 

 
The moment arms of the friction forces Fef and Fhf 

acting along the OLOA direction continue to change 
as meshing progresses (Fig. 3). The moments of the 
friction forces acting on the pinion and gear are 
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where rcp and rcg are the distance from the center to the 
contact point of the pinion and gear, respectively. 

As the friction forces change direction at the pitch 
point (s = sp), the sign of the torque (Tefp and Tefg) 
caused by the direct contact friction force (Fef) should 
change when the contact point passes the pitch point 
during meshing. However, because hydrodynamic 
friction forces are expressed as a function of the slid-
ing velocity, which itself changes sign at the pitch 
point, the sign of the torque (Thfp and Thfg) caused by 
the hydrodynamic friction force (Fhf) is adjusted auto-
matically. 
 

3. Parametric study 

Table 1 shows the dimensions of an identical gear 
pair used in previous research [7, 15-17] for compari-
son. The reference parameters were selected to be 
average mesh stiffness, 462.1×106 N/m; contact ratio, 
1.75; tooth mesh damping ratio, 0.09; input torque, 
150 Nm; ambient dynamic viscosity, 0.052 Pa-s (min-
eral oil at 45°C); average surface roughness (hmin), 2 

mµ  [20]; and Coulomb friction coefficient, 0.05 [21]. 
To detect jump phenomena, sweeps with increasing 

and decreasing speeds were performed at a constant 
ratio for a wide range of speeds straddling the first  
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Table 1. Gear dimensions. 
 

Number of teeth 50 

Module (m) 0.003 

Pressure angle (deg.) 20 

Face width (m) 0.02 

Modulus of elasticity (N/m2) 207x109 

Density (kg/m3) 7600 

Base radius (m) 0.07047 

Backlash (2b) (m) 400x10-6 

Mass (kg) 2.8 

Mass moment of inertia (I1=I2) (kgm2) 7.875x10-3 

 
natural frequency. To obtain stable data after a speed 
change, 1×105 samples were discarded before averag-
ing was performed. The time step was 1×10-5 s for all 
conditions. 

The RMS of the DTE (RDTE) and the oscillating 
components of the DTE (ODTE) at a specific constant 
speed are defined as 
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where ( ) ( )i p p i g g iDTE r t r tθ θ= −  and N is the total 
number of time steps used for averaging, which was 
2×104 in this study. 

Four different analysis models were simulated to 
identify the effects of the squeeze film and friction 
force on the gear pair dynamic behavior: direct contact 
without friction (DNF), direct contact with friction 
(DWF), mixed (direct and hydrodynamic) contact 
without friction (MNF), mixed contact with friction 
(MWF). For direct contact models (DNF and DWF), 
hydrodynamic force (Fhn) was neglected in Eq. (2). For 
models without friction (DNF and MNF), friction 
forces (Fef and Fhf) were adjusted as zero in Eq. (20). 
The solutions were obtained by using direct time-
domain numerical integration (fifth-order Runge-Kutta 
algorithm). The state parameters of the four different 
models were compared for various values of lubricant 
viscosity, film width, Coulomb friction coefficient, 
and backlash. 

The pressure distribution across the film width was 
examined (Fig. 5) before examining the other state  

  
Fig. 5. Pressure distribution across the film width: viscosity 
0.052Pa-s, film width 200 mµ . 
 

 
(a) 

 

 
(b) 

 
Fig. 6. Response of a gear pair system: (a) RDTE and (b) 
ODTE. 
 
parameters. The shape of the pressure distribution 
across the film width was similar to that reported pre-
viously, and the peak value was of the same order [8, 
19]. 

Fig. 6 shows the ODTE and RDTE as a function of 
rotation speed of the four different models. This figure 
shows the jump-up and jump-down phenomena at the 
primary resonance frequency as well as at the super-
harmonic frequency. The effect of friction on the rota-
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tional motion is very small. The overlap range (multi-
ple solution regimes) increases dramatically in the 
case of the mixed model. Thus, the squeeze effect 
increases the nonlinear behavior. This seems reason-
able because the tooth meshing force due to the 
squeeze effect was considered even when teeth were 
separated in the mixed model, unlike the direct-contact 
model in which the tooth meshing force was assumed 
to be zero when the teeth were separated. 

Although the lubricant viscosity was assumed to 
have the value of atmospheric pressure, the overlap 
range was very much wider than the experimental 
result [7], which was probably due to an inappropriate 
reference viscosity. As the oil viscosity can increase 
more than 100 times the ambient value due to high 
contact pressure [10, 19], the analysis was conducted 
for various viscosity levels to find a reasonable value 
to give behavior similar to the experimental results. 

Figs. 7 and 8 show that the dynamic behavior of the 

gear was greatly affected by the lubricant viscosity. 
The overlap range decreased as the viscosity increased 
due to the increased damping effect of the squeeze 
film, and the overlap range decreased sharply at a 
specific critical value. The critical viscosity value was 
lower when the friction force was included, which 
indicated that the damping effect was less if friction 
was not included. Based on previous experimental 
results [7], a reference viscosity of 0.25 Pa-s was se-
lected for further analyses. This value is about 5 times 
the ambient value, and is in a reasonable range. 

Film width (2a in Fig. 2) for calculating the hydro-
dynamic force due to the squeeze effect is the key 
factor for the hydrodynamic model.  

Hence, ODTE values for the MWF model were 
compared for various film widths as a function of 
rotational speed (Fig. 9). It is clear that the gear behav-
ior was affected strongly by film width. A small film 
width increased the overlap range to a much greater  

   
                                                       (a)                                                                                         (b) 
 
Fig. 7. Dynamic response of the MWF model for various viscosities: (a) ODTE and (b) hydrodynamic normal force (Fhn). 
 

    
                                                       (a)                                                                                         (b) 
 
Fig. 8. Dynamic response of the MNF model for various viscosities: (a) ODTE and (b) hydrodynamic normal force (Fhn). 
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Fig. 9. ODTE of the MWF model for various film widths 
( mµ ). 
 

 
(a) 

 

 
(b) 

 
Fig. 10. Dynamic responses of various models as a function 
of speed: (a) ODTE and (b) RDTE. 
 
extent than larger film widths. Thus, large damping by 
a larger film width would decrease the nonlinear be-
havior, although the squeeze effect increased nonlinear 
behavior. 

Although viscosity and film width were treated as  

 
(a) 

 

 
(b) 

 
Fig. 11. Dynamic responses of various models as a function 
of speed: (a) elastic deformation (b) direct contact normal 
meshing force (Fen). 

 
independent parameters in this study, the film width 
will be affected by the viscosity, and the viscosity will 
be the primary parameter affecting the hydrodynamic 
behavior of a gear system. Based on previous experi-
mental results [7], the reference film width was set to 
200 mµ  for further analyses. 

Fig. 10 shows the ODTE and RDTE as a function of 
rotational speed for the various models with the refer-
ence parameters. In all models, the speed of tooth 
separation, jump-up, jump-down, and the softening 
behavior were almost the same. Inclusion of the fric-
tion decreased the RDTE slightly in both the direct-
contact and mixed models. It seems that the relatively 
simple direct-contact models can be used for investi-
gating general rotational nonlinear behavior of a spur 
gear pair by selecting the appropriate system parame-
ters. As the experimental results [7] did not clearly 
show the lubrication conditions, comparisons of these 
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data with the results of this study may have some limi-
tations. 

Fig. 11 shows the elastic deformation and normal 
tooth contact forces by direct contact in the various 
models as a function of rotational speed. Due to fluid 
film damping, the deformations and tooth contact 
forces of the mixed models were smaller than those of 
the direct-contact models. 

Fig. 12 shows the tooth gap (fluid film thickness) 
formed by tooth separation. Tooth separation occurs 
around the primary resonance frequencies as well as 
the 2nd and 3rd superharmonic frequencies. Although 
tooth separation occurred only as for the speed-
decreasing phase near the primary natural frequency, it 
occurred for both increasing and decreasing phases 
around the superharmonic frequencies. In these re-
gimes, tooth separation as well as direct contact re-
peated, and this behavior caused severe vibration. On 
the other hand, the teeth maintained contact without 

 

 
(a) 

 

 
(b) 

 
Fig. 12. Film thickness and hydrodynamic normal force (Fhn) 
of the mixed model: (a) film thickness and (b) Fhn. 

separation in the other regimes. The peak magnitude 
of the hydrodynamic normal force (Fhn) due to the 
squeeze effect was about one fifth of the elastic force 
(Fen) due to elastic deformation by direct contact, and 
was sufficiently large that it could not be disregarded. 
Forces due to the entraining velocity and the hydrody-
namic friction were about two orders smaller than Fen 

over the whole speed range, and are not shown here.  
While Brancati et al. [13, 14] included only the 

squeeze term in their study, Theodossiades et al. [11, 
12] assumed the contribution to hydrodynamic force 
due to squeeze is very small compared with that due to 
entraining motion since the squeeze film velocity is 
much smaller than the entraining speed. However, 
hydrodynamic force is not a function of squeeze film 
velocity ( x& ) and entraining speed ( u ) only, but is that 
of au and Rx&  as in Eq. (12). Hence, it is reasonable 
not to assume the contribution to hydrodynamic force 
due to squeeze is negligible than that due to entraining 
motion. Because Theodossiades et al. and Brancati et 
al. analyzed idle rattle motion at relatively lower 
speeds than this study, all the analytical results  

 

 
(a) 

 

 
(b) 

 
Fig. 13. RDTE and pinion torque as a function of time of 
various models at 2500 rpm, lower branch. 
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(a) 

 

 
(b) 

 
Fig. 14. RDTE and pinion torque as a function of time of 
various models at 2500 rpm, upper branch. 

 
presented in this study should be verified through 
further experimentation. 

Figs. 13 and 14 show the RDTE and pinion torque 
as a function of time for the various models at 2500 
rpm where the system had multiple solutions. During 
increases in speed (lower branch), the RDTE was 
always greater than the backlash (200 mµ ), and no 
tooth separation occurred. The pinion torque varied 
due to the change of tooth mesh pairs between one and 
two, and caused slight variations in the RDTE profile. 

The overall trends of the four models were almost 
the same. The magnitudes of the RDTE and the pinion 
torque of the mixed models were less than those of the 
direct-contact model due to the damping effect of the 
squeeze film. 

Significant torque variations induced by the changes 
in friction forces around the pitch point have been 
reported previously [1, 2]. However, there was just a 
slight torque variation around the pitch point in this 
study, which seemed to have been due to the relatively 
small friction forces that were much lower than the  

 
(a) 

 
(b) 

 
Fig. 15. Phase plane of (a) DNF model and (b) MWF model. 

 
normal forces. 

During decreases in speed (upper branch), the 
RDTE fluctuated between values of less than 200 

mµ  and over 215 mµ . Induced by a large elastic 
deformation, the pinion torque varied over a wide 
range of values. Due to the driving torque, the pinion 
torque had values less than zero while the teeth were 
separated, and this tendency was more prominent in 
the direct-contact models that do not have a squeeze 
film damping area. Overall, the trends of the four 
models were almost the same except for the torque of 
the mixed models because of the squeeze force when 
the teeth came into contact. 

Fig. 15 shows the phase plans of the DNF and 
MWF models. Due to tooth separation and wide fluc-
tuations during decreases in speed, the loci of the up-
per branch were much larger than those of the lower 
branch. The loci of the MWF model showed more 
fluctuation than the DNF model, but were very simple 
and stable. 

Fig. 16 shows the ODTE of the MWF model for 
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various backlashes as a function of rotational speed. 
The DTE decreased with increases in backlash, and 
the overall behavior was similar. Although the back-
lash varied over a wide range, the elastic deformation 
and tooth gap did not vary much and are not shown 
here. The different backlash values had very little  
 

 
 
Fig. 16. ODTE responses of MWF model for various back-
lashes ( mµ ). 

effect on the dynamic behavior of gear systems. 
Fig. 17 shows the ODTE and RDTE of the MWF 

model for various friction coefficients as a function of 
rotational speed. It is clear that friction coefficient had 
little effect on the rotational dynamic behavior of the 
gear system. 

Fig. 18 shows the ODTE and RDTE of the MWF 
model for various torques as a function of rotational 
speed. The RDTE and ODTE decreased as the torque 
decreased, but the overlap range increased. A light 
load is likely to separate the teeth. 
As the ODTE is the main source of noise and vibration 
in gear systems [22], and elastic deformation and 
ODTE decrease as viscosity increases (Figs. 7 and 8), 
the dynamic responses were simulated for various 
viscosity values even 100 times higher (5.2 Pa-s) than 
the ambient value (Fig. 19). The ODTE and RDTE 
decreased as the viscosity increased. However, the 
overlap range was not a function of viscosity, but had 
a maximum value for any specific viscosity. The hy-
drodynamic force stimulated the nonlinear behavior to  

 

   
                                                          (a)                                                                                         (b) 
 
Fig. 17. Dynamic responses of MWF model for various friction coefficients: (a) ODTE and (b) RDTE. 
 

   
                                                          (a)                                                                                         (b) 
 
Fig. 18. ODTE and RDTE responses of the MWF model for various torques (N-m). 
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increase the overlap range as well as to decrease 
the overlap range by damping. It is expected that noise 
and vibration could be minimized by maintaining the 
viscosity at an optimal value. Gear pairs exhibited 
chaotic behavior at very high viscosity. 
 

4. Conclusions 

Four different analysis models were simulated to 
identify the effects of hydrodynamic force and friction 
force on the dynamic behavior of gear pairs. Nonlinear 
behavior over a wide range of speeds was analyzed in 
a direct-contact elastic deformation model including 
the hydrodynamic effect and friction force. The state 
parameters of the models were compared for various 
values of lubricant viscosity, film width, Coulomb 
friction coefficient, and backlash. Inclusion of the 
hydrodynamic effect facilitated nonlinearity and 
damping, and decreased elastic deformations and tooth 

reaction forces. Viscosity had a strong effect on the 
behavior of gear pair systems, but friction had very 
little effect on gear pair torsional behavior. 

Overall, the nonlinear behaviors of various models 
over a wide range of speeds were similar to each other. 
The overall nonlinear behavior over a wide range of 
speeds can be analyzed by the direct-contact model 
rather than the more complex hydrodynamic model if 
parameter values are chosen appropriately. However, 
the hydrodynamic model is necessary for detailed time 
data analysis because the squeeze effect forces cannot 
be detected by the direct-contact model. All the 
analytical results presented in this study should be 
verified through further experimentation.  
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                                                        (c)                                                                                           (d) 
 
Fig. 19. Dynamic responses of the MWF model for various viscosities (Pa-s): (a) ODTE, (b) RDTE, (c) film thickness, (d) phase 
plane (5.2 Pa-s, 1700 rpm). 
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